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In this work we have studied a cosmological model based on a quintom dark energy model non–
minimally coupled with gravity, endowed with a specific potential energy of the exponential squared
type. For this specific type of potential energy and non–minimal coupling, the dynamical properties
are analyzed and the corresponding cosmological effects are discussed. Considering the linear stabil-
ity method, we have investigated the dynamical properties of the phase space structure, determining
the physically acceptable solutions. The analysis showed that in this model we can have various
cosmological epochs, corresponding to radiation, matter domination, and de Sitter eras. Each solu-
tion is investigated from a physical and cosmological point of view, obtaining possible constraints
of the model’s parameters. In principle the present cosmological setup represent a possible viable
scalar tensor theory which can explain various transitional effects related to the behavior of the dark
energy equation of state and the evolution of the Universe at large scales.
I. INTRODUCTION
In the present days the cosmological context reached
a golden age epoch by overturning the fundamental con-
cepts related to the evolution and the major constituents
of the Universe, fracturing our understanding of time and
space. The accelerated expansion of the Universe [1] rep-
resent an enigma to theorists and cosmologists, with deep
ramifications in various branches of physics. The basic
evidence of the accelerated expansion has been probed
through various astrophysical studies [2, 3] which in-
cluded observation from type Ia supernovae [4, 5], baryon
acoustic oscillations [6–10] and cosmic microwave back-
ground radiation [11–13]. The simplest scenario of dark
energy is represented by the cosmological constant [14]
added to the Einstein field equation, a proposal which
lead to a constant equation of state for the dark energy
sector. In order to explain the dynamical evolution of
the dark energy equation of state various theoretical di-
rections have been proposed [15] in the form of single or
multiple scalar fields, minimally or non–minimally cou-
pled with gravity or other possible invariants [16].
The behavior of the dark energy equation of state [17–
19] represents an important aspect when constructing a
viable scalar tensor theory of gravitation which can ex-
plain various physical quantities associated to the known
Universe. In this case the strange issue related to the
crossing over the phantom divide line (the cosmologi-
cal constant barrier) [19, 20] by the dark energy equa-
tion of state has been explained by adopting a possible
extension to the Einstein–Hilbert action which includes
two scalar fields [21, 22], an addition which includes a
canonical scalar field and a phantom field, respectively,
a composition which violates the null energy condition
[23]. In scalar tensor theories the quintessence dark en-
ergy models [24, 25] represent a possible configuration
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for the dark energy sector, a canonical direction which
can explain various astrophysical observations. A more
exotic configuration which includes the addition of a neg-
ative kinetic energy in the specific action has been sug-
gested [26–28], leading to the formation of phantom dark
energy models, a particular theoretical direction which is
viable from an observational point of view [29–31]. How-
ever, such theoretical constructions lead to the violation
of the null energy condition [28] and can exhibit Big Rip
ending scenes. Since the nature of the dark energy sec-
tion is currently unknown, various exotic models have
been proposed [16], adding new intriguing directions to
the cosmic landscape.
In the first quintom scenario the two quintom scalar
fields were minimally coupled in the corresponding ac-
tion [21, 22], explaining the astrophysical observations
related to the specific crossing [32] of the cosmological
constant boundary. In the recent years the quintom
paradigm [23] has been continuously developed in various
studies [33–46] which includes the additions of various
non–minimal couplings in different scalar tensor theories
[47–52]. In spite of the fact that the quintom paradigm
implies the violation of the null energy condition, em-
bedding a pathological phantom field in the correspond-
ing action, it remains as an admissible modified gravity
construction which can justify various astrophysical ob-
servations [23]. Although a quintom action based on two
scalar fields include the addition of a phantom field which
lead to specific instabilities when possible quantum fea-
tures are considered, it is consistent with astrophysical
observations, showing the specific effect related to the
crossing of the phantom divide line by the dark energy
equation of state, a dynamical effect [23] which cannot
be explained in single scalar field models with minimal
coupling. In an earlier paper [48], a quintom dark energy
extension has been proposed, where the scalar fields were
non–minimally coupled with scalar curvature, the phys-
ical features of the model were analyzed by adopting a
numerical approach. In scalar tensor theories of gravita-
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2tion the addition of non–minimal couplings with gravity
represent a viable direction supported by different hypo-
thetical models [53–58]. The effects of the non–minimal
couplings with gravity have been investigated in single
scalar field theories [59–62], by considering the linear sta-
bility theory, showing the viability of the corresponding
models [63–70]. Furthermore, in scalar tensor theories
based on teleparallel gravity the models non–minimally
coupled with gravity are constructed by using the corre-
sponding analogous invariant scalars, the torsion [71] and
boundary coupling [72] parameters. From an observa-
tional point of view the non–minimal couplings with cur-
vature have been investigated in different specific models
[59, 65, 73, 74]. The extension of the quintom paradigm
towards non—minimal curvature couplings represents a
particular attempt of correcting two scalar field models, a
specific model which might explain the dynamical cross-
ing [20, 23] of the cosmological constant boundary in the
recent past by the dark energy equation of state, a phe-
nomenon presented by recent astrophysical observations.
In this paper we shall further analyze the dynamical
features of a specific scalar tensor cosmological scenario
[48], observing the physical consequences of the couplings
between the quintom scalar fields and the curvature in
the phase space, for a different potential energy, consid-
ering the linear stability method. The potential energy
type considered in the present paper belongs to the expo-
nential squared class, which have been previously studied
[67] in scalar tensor theories of gravitation.
The paper is organized as follows: in Sec. II we present
the basic equations which express the evolution relations
for the quintom model non–minimally coupled to scalar
curvature, endowed with a specific potential energy of
exponential squared type. Then, in Sec. III we propose
the auxiliary variables and write the autonomous system
of equations, determining the critical points and the dy-
namical features which are associated. In the last section
Sec. IV, we present the summary of the analytical inves-
tigation and the final concluding remarks.
II. THE FIELD EQUATIONS AND MODIFIED
FRIEDMANN RELATIONS
In what follows we shall study a quintom model for
the dark energy component non–minimally coupled with
scalar curvature, which includes an action correspond-
ing to the matter component Sm, assuming the following
form of the total action [48]:
Stot = Sm+
∫
d4x
√−gR
2
+
1
2
∫
d4x
√−g
(
−gµν∂µφ∂νφ
+ gµν∂µσ∂νσ − ξ1Rφ2 + ξ2Rσ2 − 2V1(φ)− 2V2(σ)
)
,
(1)
where φ(t) represents the canonical scalar field
(quintessence), and σ(t) the non–canonical (negative ki-
netic) field with a phantom pathological behavior; R de-
notes the scalar curvature which for the metric descriptor
(−1,+a2(t),+a2(t),+a2(t)) is equal to R = 6( a¨a + ( a˙a )2).
We shall assume that the fields φ and σ are assumed to
be time dependent, denoting with dots the derivatives
with respect to the cosmic time. In this representation,
a(t) describe the cosmic scale factor and H = a˙/a the
corresponding associated Hubble parameter.
The modified Friedmann relations for this specific ac-
tion are the following [48]:
3H2 = ρφ + ρσ + ρm, (2)
H˙ = −1
2
(ρφ + ρσ + ρm + pφ + pσ + pm), (3)
with the corresponding energy densities and pressures
[67]:
ρφ =
1
2
φ˙2 + V1(φ) + 3ξ1H
2φ2 + 6ξ1Hφφ˙, (4)
ρσ = −1
2
σ˙2 + V2(σ)− 3ξ2H2σ2 − 6ξ2Hσσ˙, (5)
pφ =
1
2
φ˙2−V1(φ)−ξ1(φ2(3H2+2H˙)+2φφ¨+2φ˙2+4Hφφ˙),
(6)
pσ = −1
2
σ˙2−V2(σ)+ξ2(σ2(3H2+2H˙)+2σσ¨+2σ˙2+4Hσσ˙).
(7)
Furthermore, we can define the pressure,
pφσ = pφ + pσ, (8)
the energy density for the dark energy component,
ρφσ = ρφ + ρσ, (9)
the dark energy equation of state
wφσ =
pφ + pσ
ρφ + ρσ
, (10)
and the effective (total) equation of state:
weff =
pm + pφσ
ρm + ρφσ
=
pm + pφ + pσ
ρm + ρφ + ρσ
. (11)
In this case we have defined the matter and dark energy
energy density parameters
Ωm =
ρm
3H2
, (12)
Ωφσ =
ρφ + ρσ
3H2
, (13)
which will obey the constraint equation:
Ωm + Ωφσ = 1. (14)
3The last equations which describe the evolutionary as-
pects are the Klein–Gordon relations which are obtained
directly from the principle of least action [48, 67]:
φ¨+ 3Hφ˙+ ξ1Rφ+
dV1(φ)
dφ
= 0, (15)
σ¨ + 3Hσ˙ + ξ2Rσ − dV2(σ)
dσ
= 0. (16)
Considering the above relations, it can be shown that
the dark energy field obeys a standard continuity equa-
tion:
˙ρφσ + 3H(ρφσ + pφσ) = 0. (17)
Point x1 x2 y1 y2 z1 z2 Ωm Ωρσ weff
P1− 0 0 0 0 −
√
1+6ξ2z
2
2√
6ξ1
z2 0 1
1
3
P1+ 0 0 0 0 +
√
1+6ξ2z
2
2√
6ξ1
z2 0 1
1
3
P2− 0 0 2
√
6ξ1√
α1
2
√
−6 ξ2
α2
−
√
−24α2ξ1+α1(α2+24ξ2)+6α1α2ξ2z22√
6α1α2ξ1
z2 0 1 -1
P2+ 0 0
2
√
6ξ1√
α1
2
√
−6 ξ2
α2
+
√
−24α2ξ1+α1(α2+24ξ2)+6α1α2ξ2z22√
6α1α2ξ1
z2 0 1 -1
P3 0 0 y1
√
1− y21 0 0 0 1 -1
P4 0 0 0 0 0 0 1 0 wm
P5− 0 0 0 0 − 1√6ξ1 0 0 1
1
3
P5+ 0 0 0 0 +
1√
6ξ1
0 0 1 1
3
P6− 0 0 0 2
√
6
√
− ξ2
α2
0 −
√−α2−24ξ2√
6α2ξ2
0 1 -1
P6+ 0 0 0 2
√
6
√
− ξ2
α2
0 +
√−α2−24ξ2√
6α2ξ2
0 1 -1
P7− 0 0 2
√
6ξ1√
α1
0 −
√
α1−24ξ1√
6α1ξ1
0 0 1 -1
P7+ 0 0
2
√
6ξ1√
α1
0 +
√
α1−24ξ1√
6α1ξ1
0 0 1 -1
P8 0 0
2
√
6ξ1√
α1
√
α1−24ξ1−6α1ξ1z21√
α1
z1 0 0 1 -1
P9 0 0
√
α2+24ξ2+6α2ξ2z
2
2√
α2
2
√
6ξ2√−α2 0 z2 0 1 -1
TABLE I: The location of the critical points and the corresponding physical features.
III. DYNAMICAL DESCRIPTION OF THE
MODEL
After writing the basic equations which are describing
the corresponding dark energy model, we shall investi-
gate the dynamical properties of the cosmological sce-
nario by relying to the linear stability theory. For the
specific cosmological scenario, we choose the following
auxiliary variables [67]:
x1 =
φ˙√
6H
, (18)
y1 =
√
V1(φ)√
3H
, (19)
z1 =
φ√
6
, (20)
λ1 = −
√
6
1
V1(φ)
dV1(φ)
dφ
(21)
x2 =
σ˙√
6H
, (22)
y2 =
√
V2(σ)√
3H
, (23)
z2 =
σ√
6
, (24)
λ2 = −
√
6
1
V2(σ)
dV2(σ)
dσ
. (25)
By introducing the specific variable N = log(a) we can
write the dynamics of the present cosmological model as
an autonomous system of differential equations:
dx1
dN
=
1√
6
φ¨
H2
− x1 H˙
H2
, (26)
dy1
dN
= −λ1
2
x1y1 − y1 H˙
H2
, (27)
dz1
dN
= x1, (28)
dλ1
dN
= −λ21x1(Γ1 − 1), (29)
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FIG. 1: The non-exclusive existence regions for the P2+
critical line
(ξ1 = −4, ξ2 = −1, z2 = 10, α1 ∈ [−10,+10]).
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FIG. 2: The non-exclusive saddle regions for the P2+
critical line
(ξ1 = −4, ξ2 = −1, z2 = 10, wm = 0, α1 ∈ [−10,+10]).
dx2
dN
=
1√
6
σ¨
H2
− x2 H˙
H2
, (30)
dy2
dN
= −λ2
2
x2y2 − y2 H˙
H2
, (31)
dz2
dN
= x2, (32)
dλ2
dN
= −λ22x2(Γ2 − 1), (33)
where Γi (i = 1, 2) are defined as:
Γ1 =
1(
dV1(φ)
dφ
)2V1(φ)d2V1(φ)dφ2 , (34)
FIG. 3: The non-exclusive saddle regions where the P3
critical line represents a saddle cosmological epoch
(EP3 [3] < 0, EP3 [4] > 0).
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FIG. 4: The non-exclusive saddle regions where the P6+
critical point represents a saddle cosmological epoch
(α1 = 1, α2 = 3, wm = 0, ξ1 ∈ [−10,+10]).
Γ2 =
1(
dV2(σ)
dσ
)2V2(σ)d2V2(σ)dσ2 . (35)
In what follows we shall assume a specific potential
energy type where Vi (i = 1, 2) have the form [67]:
V1(φ) = V10exp
[
− 1
6
(α1
2
φ2 + β1φ
)]
, (36)
V2(σ) = V20exp
[
− 1
6
(α2
2
σ2 + β2σ
)]
. (37)
In the case where βi (i = 1, 2) are equal to zero then
we can obtain different inter–relations between zi and λi
variables,
zi(λi) =
λi
αi
, (38)
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FIG. 5: The evolution towards the critical point P6+
(α1 = 10, α2 = 12, ξ1 = 0.2, ξ2 = −0.1, wm = 0).
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FIG. 6: The non-exclusive saddle regions where the P7+
critical point represents a saddle cosmological epoch
(α1 = −0.5, α2 = 3, wm = 0, ξ1 ∈ [−10,+10]).
FIG. 7: The non-exclusive saddle regions where the P8
critical point represents a saddle cosmological epoch
(wm = 0, z1 = 0, ξ1 = 2, EP8 [6] > 0, EP8 [2] < 0).
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FIG. 8: The evolution towards P8 critical point
(ξ1 = 0.5, ξ2 = 10, α1 = 30, α2 = 3, wm = 0).
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FIG. 9: The evolution towards P8 critical point in the
{z1, z2} variables for the same values of the parameters
as in Fig. 8.
FIG. 10: The non-exclusive saddle regions where the P9
critical point represents a saddle cosmological epoch
(z2 = 0, α2 = 1, EP9 [5] > 0, EP9 [2] < 0, wm = 0).
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FIG. 11: The variation of the effective equation of state
towards a de–Sitter cosmological epoch in the case
where ξ1 = 0.5, ξ2 = 10, α1 = 30, α2 = 3, wm = 0.
Γi = 1− αi
λ2i
, (39)
reducing the dimension of the corresponding phase
space from eight to six independent variables
(x1, y1, z1, x2, y2, z2).
In the previous calculations, the ordinary differential
system of equations is complete if we add the following
identities which are deduced from the modified Fried-
mann eqs. and the Klein–Gordon relations:
H˙ =
3H2
2 (36ξ21z
2
1 − 6ξ1z21 − 36ξ22z22 + 6ξ2z22 + 1)
(12ξ1x1z1wm−12ξ2x2z2wm+x21wm−x22wm+y21wm+y22wm+6ξ1z21wm
− 6ξ2z22wm−wm + 4ξ1x21− 4ξ2x22− 4ξ1x1z1 + 4ξ2x2z2−x21 +x22 + 2α1ξ1y21z21 + 2α2ξ2y22z22 + y21 + y22 − 48ξ21z21 + 48ξ22z22
+ 6ξ1z
2
1 − 6ξ2z22 − 1), (40)
φ¨ =
√
3
2
H2y21λ1 − 3
√
6H2x1 − 12
√
6H2ξ1z1 − 6
√
6ξ1z1H˙, (41)
σ¨ = −
√
3
2
H2y22λ2 − 3
√
6H2x2 − 12
√
6H2ξ2z2 − 6
√
6ξ2z2H˙, (42)
Ωm = 1− Ωφσ = −12ξ1x1z1 + 12ξ2x2z2 − x21 + x22 − y21 − y22 − 6ξ1z21 + 6ξ2z22 + 1, (43)
weff = −1− 1
36ξ21z
2
1 − 6ξ1z21 − 36ξ22z22 + 6ξ2z22 + 1
·
(
12ξ1x1z1wm − 12ξ2x2z2wm + x21wm − x22wm + y21wm + y22wm
+6ξ1z
2
1wm−6ξ2z22wm−wm+4ξ1x21−4ξ2x22−4ξ1x1z1 +4ξ2x2z2−x21 +x22 +2α1ξ1y21z21 +2α2ξ2y22z22 +y21 +y22−48ξ21z21
+ 48ξ22z
2
2 + 6ξ1z
2
1 − 6ξ2z22 − 1
)
. (44)
The critical points for the specific quintom scenario de-
scribed by the action (1) are determined by setting the
right hand sides of the equations (26)–(33) to zero, con-
sidering only the relations for the (x1, y1, z1, x2, y2, z2)
independent auxiliary variables, displayed in Table I. In
the following we shall analyze each critical point in de-
tail, studying the fundamental properties from a physical
and a dynamical point of view. For each critical point
we have to take into consideration the acceptable physi-
cal existence conditions which require that the solutions
are in the real phase space with non–zero denominators,
and y1,2 have positive real values, taking into account
that for the location in the phase space structure all the
expressions inside the square roots have to be positive.
Due to the complexity of the phase space structure, we
shall omit the presentation of the existence conditions for
the critical points in our analysis.
The first class of solutions P1± represent a critical line
where the cosmological scenario corresponds to a saddle
radiation era characterized by the domination of the dark
energy component over the matter sector. The eigenval-
ues for this critical line are the following:
EP1± = [0, 2, 2,−1,−1, 1− 3wm]. (45)
In this case the kinetic and the potential energy terms
of the quintom fields do not affect the location in the
phase space structure and the dynamical features of the
cosmological solutions, the critical line represent a saddle
behavior independently to the values of various coupling
parameters and constants. For these cosmological solu-
tions we note an inter–relation between the value of the
quintessence field φ embedded into the dynamical vari-
7able z1, the value of the phantom field σ represented by
the z2, and the two coupling coefficients ξ1 and ξ2.
The next class of dynamical solutions P2± represent a
critical line where the auxiliary variable z2 related to the
value of the phantom field σ has a real independent value.
In this case the quintom fields are frozen, without any ki-
netic energy, while the potential energy is affected by the
proportion between the curvature coupling coefficients
ξ1,2 and the corresponding potential energy parameters
α1,2. For the location in the phase space structure the
value of the quintessence field φ embedded into the z1
variable is affected by the value of the phantom field σ
and all the remaining parameters for the present model,
ξ1,2, α1,2 which describe the curvature couplings and the
potential energy strengths. At this critical line we ob-
serve the full domination of the quintom dark energy over
the matter sector, the cosmological solution corresponds
to a de–Sitter era where the quintom dark energy model
behaves approximately as a cosmological constant. At
this critical line we have obtained the following eigenval-
ues:
EP2± = [0,−3 (wm + 1) , Q3, Q4, Q5, Q6]. (46)
We note that the expressions for the eigenvalues
Q3, Q4, Q5, Q6 are too complex to be written in the
manuscript. Hence in what follows we shall rely only on
numerical evaluations in order to explain properly the ba-
sic dynamical features at the corresponding cosmological
solutions. For the P2± critical lines we note the existence
of one zero eigenvalue which appears in any case, signal-
izing the limitation of linear stability theory. Due to
this, for these particular solutions we can study only the
saddle dynamical behavior, while for a thoroughly anal-
ysis a different approach should be considered, like the
center manifold/Lyapunov method, or numerical evalu-
ations, in the case of a more complete space of param-
eters and constants. Because of the high complexity of
the phase space structure and eigenvalues the analysis is
performed considering only the linear stability method
which shall analyze only saddle dynamical behaviors for
the P2± critical line. In the case of P2+ critical line we
have displayed in Fig. 1 some of the non–exclusive regions
for the α1,2 parameters due to the existence conditions,
while in Fig. 2 we have plotted the corresponding regions
where the critical line P2+ have a saddle dynamical be-
havior, assuming that some of the model’s parameters
are set (ξ1 = −4, ξ2 = −1, z2 = 10, wm = 0).
The next critical line denoted as P3 represents a de-
Sitter era with the domination of the dark energy com-
ponent over the matter sector in terms of density param-
eters, characterized by a specific inter–relation between
the potential energy terms. For this specific solution, we
have obtained the following eigenvalues:
EP3 =
[
0,−3(wm + 1), 1
2
(−3±
√
9− 48ξ1 + 2α1y21),
1
2
(
±
√
−2α2 − 48ξ2 + 2α2y21 + 9− 3
)]
. (47)
We have displayed in Fig. 3 some of the non–exclusive
regions where the critical line P3 represents a saddle cos-
mological epoch, by taking into account the existence
conditions and the signs of the third and fourth eigenval-
ues. As in the previous case, due to the existence of one
zero eigenvalue, we rely our analysis only on linear sta-
bility theory, taking into account possible saddle regions.
The critical point P4 represents the origin of the phase
space, a cosmological solution characterized by the mat-
ter domination in terms of density parameters, while the
effective equation of state is equal to the barotropic pa-
rameter wm. At this point we have obtained the following
eigenvalues:
EP4 =
[3
2
(wm + 1) ,
3
2
(wm + 1) ,
1
4
(
±
√
18 (8ξ1 − 1)wm + 9w2m − 48ξ1 + 9 + 3wm − 3
)
,
1
4
(
±
√
18 (8ξ2 − 1)wm + 9w2m − 48ξ2 + 9 + 3wm − 3
) ]
, (48)
showing that in the dust case (wm = 0) the P4 solution
has a saddle dynamical behavior.
The next class of solutions, P5± represent particular
cases of the P1± critical lines, a radiation dominated cos-
mological epoch which reduces to P1± if we set the aux-
iliary variable z2 associated to the value of the phantom
field σ to zero. This type of solution can be further ne-
glected in the analysis.
The P6± critical points describe a de-Sitter epoch char-
acterized by the influence of the potential term for the
phantom field, together with the corresponding value for
σ. The location of the critical point in the phase space
is affected mainly by the coupling constant of the phan-
tom field ξ2, and the α2 parameter which encodes the
strength for the potential energy term. In our analysis
we have obtained the following eigenvalues for the P6+
solution:
8EP6+ =
[
0,−
√
−8α2 (42ξ2 + 1)− 7α22 − 48 (84ξ22 + 4ξ2 − 3) + 3α2 + 72ξ2 − 12
2 (α2 + 24ξ2 − 4) ,√
−8α2 (42ξ2 + 1)− 7α22 − 48 (84ξ22 + 4ξ2 − 3)− 3α2 − 72ξ2 + 12
2 (α2 + 24ξ2 − 4) ,
−
√
3
√− (16ξ1 − 3) (α2 + 24ξ2 − 4) 2 + 3α2 + 72ξ2 − 12
2 (α2 + 24ξ2 − 4) ,√
3
√− (16ξ1 − 3) (α2 + 24ξ2 − 4) 2 − 3α2 − 72ξ2 + 12
2 (α2 + 24ξ2 − 4) ,−3 (wm + 1)
]
. (49)
In Fig. 4 we have displayed possible regions where the
P6+ critical point have a saddle dynamical behavior, in
the dust case where wm = 0. The evolution towards P6+
critical point is represented in Fig. 5, considering specific
values of the parameters and different initial conditions.
For the P7± class of solutions we also have a domina-
tion of the dark energy field in terms of density param-
eters, a de–Sitter cosmological epoch influenced by the
potential part of the quintessence field, together with its
corresponding value. The location of the critical point in
the phase space structure depends on the values of the
ξ1 and α1 parameters, which encodes the value of the
non–minimal curvature coupling and the strength of the
potential energy for the canonical field φ. In this case we
have obtained the following eigenvalues:
EP7± =
[
0,−
√
8α1 (42ξ1 + 1)− 7α21 − 48 (84ξ21 + 4ξ1 − 3) + 3α1 − 72ξ1 + 12
2 (α1 − 24ξ1 + 4) ,√
8α1 (42ξ1 + 1)− 7α21 − 48 (84ξ21 + 4ξ1 − 3)− 3α1 + 72ξ1 − 12
2 (α1 − 24ξ1 + 4) ,
−
√
3
√
(16ξ2 − 3) (− (α1 − 24ξ1 + 4) 2) + 3α1 − 72ξ1 + 12
2α1 − 48ξ1 + 8 ,√
3
√
(16ξ2 − 3) (− (α1 − 24ξ1 + 4) 2)− 3α1 + 72ξ1 − 12
2 (α1 − 24ξ1 + 4) ,−3 (wm + 1)
]
. (50)
Considering the dust case we have displayed in Fig. 6
a possible non–exclusive saddle region for the P7+ crit-
ical point, showing the variation for the corresponding
parameters.
The P8 solution represent also a de–Sitter era where
the two quintom fields are frozen, without any ki-
netic energy, only with non–negligible potential energy
terms. For this particular solution we have a critical line
where the auxiliary variable related to the value of the
quintessence field φ encoded into z1 is a real free param-
eter, affecting the potential energy terms, together with
the values of the ξ1 and α1 parameters. For this criti-
cal line we have obtained the following expression of the
eigenvalues:
EP8 =
[
0,−3 (wm + 1) ,
− 3α1 + 18α1ξ1 (6ξ1 − 1) z
2
1 +
√
3
√
α21 (6ξ1 (6ξ1 − 1) z21 + 1) (96α1ξ21z41 + 2ξ1z21 (−8α1 + 150ξ1 − 9) + 3)
2 (α1 + 6α1ξ1 (6ξ1 − 1) z21)
,
−3α1 − 18α1ξ1 (6ξ1 − 1) z21 +
√
3
√
α21 (6ξ1 (6ξ1 − 1) z21 + 1) (96α1ξ21z41 + 2ξ1z21 (−8α1 + 150ξ1 − 9) + 3)
2 (α1 + 6α1ξ1 (6ξ1 − 1) z21)
,
− 3α1 + 18α1ξ1 (6ξ1 − 1) z
2
1 +
√
α1 (6ξ1 (6ξ1 − 1) z21 + 1) 2 (48α2ξ1 + α1 (−2α2 − 48ξ2 + 9) + 12α1α2ξ1z21)
2 (α1 + 6α1ξ1 (6ξ1 − 1) z21)
,
−3α1 − 18α1ξ1 (6ξ1 − 1) z21 +
√
α1 (6ξ1 (6ξ1 − 1) z21 + 1) 2 (48α2ξ1 + α1 (−2α2 − 48ξ2 + 9) + 12α1α2ξ1z21)
2 (α1 + 6α1ξ1 (6ξ1 − 1) z21)
]
. (51)
For this critical line, we have shown a possible region
where the solution have a saddle dynamical behavior dis-
played in Fig. 7, a non–exclusive interval by considering
wm = 0, z1 = 0, ξ1 = 2. Furthermore, the evolution to-
9wards P8 critical point have been displayed in Figs. 8,
9 for some values of the parameters and specific initial
conditions.
The last dynamical solution P9 has a similar behav-
ior, an inter–relation between the potential energies of
the quintom fields and ξ2, α2 parameters. For this solu-
tion the auxiliary variable which encodes the value of the
phantom field z2 is a free parameter, affecting the loca-
tion in the phase space structure and the corresponding
physical features. The eigenvalues have the following ex-
pressions:
EP9 =
[
0,−3 (wm + 1) ,
− −3α2 + 18α2ξ2 (6ξ2 − 1) z
2
2 +
√
3
√
α22 (6ξ2 (6ξ2 − 1) z22 − 1) (96α2ξ22z42 + 2ξ2z22 (8α2 + 150ξ2 − 9)− 3)
2α2 (6ξ2 (6ξ2 − 1) z22 − 1)
,
3α2 − 18α2ξ2 (6ξ2 − 1) z22 +
√
3
√
α22 (6ξ2 (6ξ2 − 1) z22 − 1) (96α2ξ22z42 + 2ξ2z22 (8α2 + 150ξ2 − 9)− 3)
2α2 (6ξ2 (6ξ2 − 1) z22 − 1)
,
− −3α2 + 18α2ξ2 (6ξ2 − 1) z
2
2 +
√
α2 (6ξ2 (1− 6ξ2) z22 + 1) 2 (α2 (2α1 − 48ξ1 + 9) + 48α1ξ2 + 12α1α2ξ2z22)
2α2 (6ξ2 (6ξ2 − 1) z22 − 1)
,
3α2 − 18α2ξ2 (6ξ2 − 1) z22 +
√
α2 (6ξ2 (1− 6ξ2) z22 + 1) 2 (α2 (2α1 − 48ξ1 + 9) + 48α1ξ2 + 12α1α2ξ2z22)
2α2 (6ξ2 (6ξ2 − 1) z22 − 1)
]
. (52)
For the last solution we have displayed in Fig. 10 a
non–exclusive three dimensional region where the dy-
namical features corresponds to a saddle behavior, by
considering z2 = 0, α2 = 1.
IV. CONCLUSIONS
In this work we have studied a quintom cosmologi-
cal model having a non-negligible non–minimal coupling
with gravity through the scalar curvature. After pre-
senting the modified Friedmann relations and the Klein–
Gordon equations which describe the fundamental evolu-
tionary aspects for the present cosmological scenario, we
have analyzed the dynamical properties of the model by
assuming the linear stability theory for a specific poten-
tial energy type. In this case we have assumed that the
potential energy part in the corresponding action is rep-
resented by an exponential type squared, reducing the
dimension of the phase space structure to six indepen-
dent auxiliary variables due to specific inter–relations.
By adopting the linear stability theory we have inves-
tigated the fundamental properties of the phase space
structure, constraining from a dynamical point of view
the corresponding parameters associated to the cosmo-
logical model. The investigation showed that the dy-
namical solutions corresponding to the critical points can
explain various fundamental epochs in the current evo-
lution of the Universe, including the radiation or matter
dominated stages and the de–Sitter era, where the quin-
tom model behaves as a cosmological constant. In this
case each dynamical solution is investigated in detail, ob-
taining possible constraints for the model’s parameters
from a dynamical perspective. Note that in our analysis
we have omitted the presentation of the existence condi-
tions due to the high complexity of the logical expressions
involved.
As can be noted from the analysis, the non–minimal
curvature couplings ξ1,2 affect the structure of the phase
space and the dynamical features of the critical points,
together with the values of the α1,2 parameters which
encodes the strength of the potential energy type. The
potential energy of the quintom scenario is a specific ex-
ponential case which enables us to reduce the dimension
of the resulting phase space with two degrees of freedom.
Analyzing the structure of the phase space and the loca-
tion of the associated critical points, we have noticed that
in this case the non–minimal coupling coefficients ξ1,2 and
the values of the α1,2 parameters affects the physical fea-
tures involved and the corresponding dynamical effects.
In this case we have obtained possible constraints for the
coupling parameters ξ1,2 and potential energy constants
α1,2 from a physical and a dynamical point of view, as-
sociated to different physical features of the phase space.
We have observed that all the cosmological solutions have
a zero kinetic energy and can be regarded as frozen in
time. The cosmological epochs in the phase space struc-
ture are associated to different dynamical solutions which
can explain some of the evolutionary aspects related to
the history of our Universe.
In this context we have showed in Fig. 11 the dynamics
of the effective equation of state in this model from an
epoch where the evolution mimics a radiation era, passing
through a transient matter dominated transition, finaliz-
ing in an asymptotic manner as a de Sitter stage, where
the dark energy fluid behaves closely to the cosmologi-
cal constant. The evolutionary aspects showed that the
effective equation of state can exhibit phantom divide
line crossing as a specific phenomena associated in gen-
eral to quintom scenarios, appending a viable physical
feature to the scenario. Finally we can note that the
present cosmological model represents a possible exten-
sion to general relativity which can explain the existence
of radiation, matter dominated epochs, and the current
10
evolution closely to the cosmological constant, a feasible
scenario which deserves further astrophysical investiga-
tions. The present model in scalar tensor theories can be
further studied in various cosmological applications. It is
expected that the non-minimal couplings [75] affects the
gravitational interaction on local scales and can be used
as a probe to study different aspects of scalar tensor the-
ories, by considering different solar system constraints.
For example, since the non-minimal couplings affect the
gravitational interaction on local scales one can consider
a study which takes into account possible observational
signatures, further analyzing the confidence intervals for
various associated parameters by taking into account the
solar system constraints.
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